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We study the problem of optimal recovery in the case of a nonsymmetric convex
class of functions. We compare adaptive and nonadaptive methods and prove a
bound on how much better adaptive methods can be. We use new inequalities
between Gelfand widths and Bernstein widths and new relations between these
widths and optimal error bounds for adaptive and nonadaptive methods,
respectively. € 1995 Academic Press, Inc.

1. INTRODUCTION

The adaption problem of the title is the following: Let X be a normed
space over R and let Fc— X be a given subset. Assume that S: X — Y is a
continuous linear mapping into another normed space Y that is to be
approximated by a method of the form ¢ N, where

N(f)=(L\(f), Ly(f), s L(S)).

We assume that the L, are arbitrary continuous linear functionals
L,: X— R. We want to minimize the maximal error

Aax (@ o N)=sup |S(f) =@ N(f)l.

feF

In the adaptive case the choice of L, may depend on L,(f), .., L._,(f),
while in the nonadaptive case the L, are fixed, i.e., independent of feF.
Each method is of the form S =¢oN with an arbitrary ¢: R"— Y. We
compare the numbers

e" (S IF) zinfdmax(sn)
Sn

non
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with the numbers

€1aS 1) =0 Aan(S3°),
where S, runs through all nonadaptive methods and S runs through all
adaptive methods using an information N consisting of #» linear functionals.
The adaption problem is the question of whether adaptive methods are
better than nonadaptive ones.

We refer the reader to [4] for references about this problem and only
mention the well known fact that adaptive methods are not better, up to
a factor 2, if the set F is convex and symmetric.

Problems of optimal recovery and n-widths (and also the adaption
problem) usually are studied under the assumption that the set F of
problem elements is convex and symmetric. In many cases, however, we
have a different type of a priori information, such as /=0 or f is convex.
Therefore it is interesting to consider the case where F is only convex and
not symmetric, see Novak [4]. For some linear problems S: X — G and
convex Fc X adaptive methods are much better than nonadaptive ones.

In this paper we further compare adaptive and nonadaptive methods and
prove a bound on how much adaptive methods can be better. We use new
inequalities between Gelfand widths and Bernstein widths, and relations
between these widths and optimal error bounds for adaptive and nonadap-
tive methods, respectively. We also need a result of Sukharev [9] on the
optimal recovery of a linear functional on a convex set. Since this paper is
a sequel to the recent paper [4], we refer to that paper for further remarks,
examples, and references.

2. DIAMETERS OF MAPPINGS AND OPTIMAL RECOVERY

We always use the following assumptions and notation. Let X be a
normed space over R and let F< X be convex. We assume that S: X — YV
is a continuous linear mapping into another normed space Y.

We define several widths of S |,. The Kolmogorov width is given by

d,(S|z)=inf sup inf |S(f)—gl. (2.1)

Yo SeF geY,

where Y, runs over all n-dimensional affine subspaces of Y. This means, by
definition, that Y, is the translation of a linear subspace U of dimension #,
hence Y, is of the form ¥, =y + U with a ye Y. Every n-dimensional affine
subspace Y, of Y can be written in the form

Yn:{z “,‘)"il Z “i:]}
i=0 i

=0
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with suitable y, e Y,. In such a case we write
Yn = aff{ yU* _VI LIREAS )'n}

and say that Y, is generated by the y,. The giobal Gelfand width is given
by

d7p(S | ) =3-inf sup diam(S(Fn (U, + /), (2.2)

U, feX
while a local variant is given by

dp (S |g)=1-sup inf diam(S(FA(U,+ /). (2.3)

feX U,

Here the infimum is taken over closed subspaces U, of X of codimension
at most n. We clearly have

drl

loc

(S|r<dyo(S 1) (2.4)

with equality if F is also symmetric. It is useful in what follows to define
Bernstein widths. Here the definition is

b,(S | ) =suplir| S(F) contains an (n + 1)-dimensional ball of radius r}.
(2.5

Of course these diameters also can be defined for sets by
Su(F) = Sn( S l[")*

where s, is one of the widths considered here and S=174: X - X.

There are examples in Novak [4] where the local widths are much
smaller than the global widths. In that paper we asked whether there is a
bound on how much smaller they can be. In other words, is there an
inequality of the form

d”

glob

(FY<ce,-diL(F) (2.6)
with a sequence ¢, that is independent of F? If this is the case then of
course it would be interesting to know the best constants ¢,. Here we prove
an inequality of the type (2.6} and apply it to the adaption problem.

First we note a connection between the error bounds ¢’ and e}, and
certain n-widths of S|, Most of these simple relations are already

mentioned in Novak [4].
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PROPOSITION 1. Let F< X be a convex set and let S: X — Y be linear and
continuous. Then

%'dglob(S |7) < enon(S1p) S dgon(S |5 (2.7)
and
3-ba(S1p) <3 di(S 1) <ely(Sr). (2.8)

3. AN INEQUALITY BETWEEN DIFFERENT WIDTHS

In this section we prove an inequality between Kolmogorov and
Bernstein widths. For the symmetric case, a slightly better estimate can be
found in Bauhardt [ 1], Mityagin and Henkin [3] and in Pinkus [7].

We also should say that better estimates are known in the case where Y
is a Hilbert space, see Perelman [5].

LEMMA 1.  Assume that yq, ..., ¥,.1€S(F) and denote by E, the affine
subspace generated by the y, without y,,

Ek=aff{y05 ey ykfl’ yk+l’ iait] yn+l}'
Let d(y,, E¢)=inf, ., |y —z|. Then

min, d(y,, E,)

Sip) =
bn( IF) n+2

Proof. Consider the midpoint m of the y,,

l n+1

m= Zyi’

a2 5

and assume that ¥, ., a,=1. We obtain

|

Y+ Z yi—(n+2) Z % Vi

ixk itk

e o0

i#k

=y—- /f,-y,-H

itk

for some f, with 3, ., ;=1 and therefore d(m, E,) = 1/(n+2) d(y,, E,).
We prove that S(F) contains the (n# + 1)-dimensional ball in

X1+l=afr{y0’ yla'--a yn+1}
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with center m and radius

_ming d(yy, Ey)
n+2 )

Let x=m+ 37X} o, y, with 75 a;=0and |} «,y| <r. Assume that the
smallest o, is less than —1/(n + 2). Then we could conclude that

<|—£T<r(n+2)<d(y,-, E))
a;

“y,-— 2 By

k#i
for some f, which sum up to 1. This can not be the case and we obtain
a,> —1/(n+2). This implies that x=3"*1 4,y,, where the 4,>0 and sum
to 1. Thus x € S(F), since S(F) is convex. |

For neN and y,, .., ¥, € S(F) we define

n+1

Ve t(yos Y1y oo }’n+1)=5uP{det[1j(}’i—yo) ij=1 , lje Y* HI,-H = 1}~

In the next lemma we collect some properties of these numbers.

LemMa 2. (1) ¥V, ((¥gy s Yue1) >0 iff the y, generate an (n+1)-
dimensional affine space.

(2) V,,, is independent of the ordering of the y,.

3 Voiiro=ys y1i=2 s Va1 = V)= Vs ilVos Yis s Yust)s e,
this quantity is translation invariant and we may assume that y,=0.

(4)
I/n+l(y0’ ) yn+l)/(n+ 1)Sd(yn+l’ En+1)' V;x(yO’ ey yn)
SV;H\I(_VO’-% yn+l)~ (31)

Proof. The proof of the properties (1), (2) and (3) is trivial and there-
fore it is enough to prove (3.1) for yo=0. Assume that y*€ E, , | is a best
approximation of y, ., in E, |, ie,

“yn+1 _y*“ zd(yn+15 En+l)-

From the elementary properties of the determinant we obtain that
|det[;(y,) ;fj:ll| does not change if y,,, , 1s replaced by y, ., — y*. Because
i yne1t = Y9N <y, 1 — y*Il we obtain by expansion of the last row

Idet[L(y) 17520 <+ D puryr = y*I | Va(¥o, s ¥l

which proves the left inequality of (3.1).
To prove the right inequality of (3.1) for the case y,=0 assume that
L, ., 1, e Y* with |[,| =1 for all k. There is an /., € Y* with ||/, ,,]| =1
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and 1, (v, )=dy,.\, E..;) and [, (y.)=0 for k=0, .., n, since
E, ., is a linear subspace because of y,=0. Hence we obtain

Ay, v, Ey0)-1det[ ()7, =1det[L(y) 1570

and the right inequality of (3.1) follows. |

LEmMMA 3. Given neN and 0 <s <1, there are yq, ..., ¥, , 1€ S(F) such
that

min dly,, B> dy(S (1 —e)% (32)
n—+

k=0,..n+1

Proof. We assume that S(F) contains (n# 4+ 2) points that generate an
{n+ 1)-dimensional affine space since otherwise the statement of the lemma
is trivial. We put

V;r+l _Sup{ n+](}0a iad] yn+]) I .}':ES(F)} >0
and choose elements y,, ..., v, ,; € S(F) such that
V;H—\(.V()ﬁ e yn+l)>(l '8) I/n+1'

To prove (3.2) we assume the contrary and, without loss of generality,
d(yn+1’ Eu+|) n+ dn(Sl l_{

By definition of the Kolmogorov widths there 1s a p*eS(F) with
d(y* E, . ) =d, (S]] —¢&). We obtain the estimate

Vi t(Pos s Yo ¥¥) Zd(3*, E 1) Vil Yoy oy Vo)
> dy(S 1) Vylyor o 7)1 —2)
>(n+ D1 =) dy,, s Eyyy) VilVos oo 32)
Z(1—&) ' Voo i(Bor o Y1) Z Vi1
that contradicts ¥, , (yo, o ¥, )<V, 1. B

The following result follows easily from Lemma 1 and Lemma 3.

THEOREM 1.
d(S|p<(n+1)(n+2)b,(S ) (3.3)
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4. BOUNDS FOR THE ADAPTION PROBLEM

Theorem | i1s about Kolmogorov widths. For applications to the
adaption problem we have to replace these diameters by the global Gelfand
widths. This can be done using analogous lemmas that reflect the dual
situation.

Assume that /|, .., [, ., e Y* with |/;| =1 for all / and denote by L, the
linear subspace generated by the /, without /,

Le=tin{l,, ., Ly, by Loy}
It is useful to define

A, L)=inf inf sup |L(y)—Hy)—a.

lely 2xe R yeS(F)

The number 4(/,, L,) indicates how well /, can be recovered by the other
1;. This follows from a result of Sukharev [ 9] saying that optimal recovery
of a functional /, using /,, .., I, _;, lr,y,... [,,, on a convex set F can be
achieved by an affine method, hence the optimal error bound is A(/,, L,).

We mention, though it is not really important for the following, that the
infimum 1in the definition of A(/,, L.} is always attained. The proof consists
in three steps and we do not present the details:

Step 1. We can and will assume that /,, .,/ _,, I, ... 1, are
independent on the set S(F).

Step 2. Large values of |x| or of the coefficients |a,| in /=3, «;/;
lead to a large error in sup, . g5 |/(3) — ¥} —af. Hence it suffices to con-
sider a bounded set of coefficients (o, o, .., %z _ 1, gy 1y Xy ) ERTTE

Step 3. The mapping

Bz (0 8y oy %y Oy g s Oy > SUP L () —H() —a| e RS U {+ a0}
re S

could be discontinuous if S(F) is unbounded. Even in this case, however,
the set where 4 is finite is an affine subspace of R"*' and / is continuous
on that set. Hence the existence of an optimal pair (/*, a*) follows from
compactness.

LEMMA 4. Assume that 1, .., 1, € Y* with \I.| =1 for all i. Then

min, A({., L)

b(S|p)=
n( |F) n+l

Proof. Consider §: X - Y=R"*" defined by
SO = (LUS()s won Ly (SO,
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where ¥ is equipped with the maximum norm || ... Then we obtain

18(A) = S o S US(A) =SB ¥

and hence b,(S|F) <b,(S|f). Let ke{l, ., n+1} and ¢=min; 4(,, L))
and assume that 0 <& <c. Then there is a j, € S(F) such that the whole
interval

Ik:: {)7,(-{—2.6’,( | |A| SC—S}

is contained in S(F). By ¢, e R”*' we mean the vector with coordinates &,
i=1,.. n+1. This follows from the result of Sukharev [9] mentioned
above. We claim that S(F) contains the (n+ 1)-dimensional ball with
radius

_miny 4(, L) ¢

n+1
and midpoint
1 n+1
m= V.
n+1 k=1yk
Let
1 n+1 n+1
y= Z Vet Z Orex
n+1,7 k=1

with |8,] <r. Then j, +(n+1) d, e, €I, = S(F) and y is a convex combina-
tion of these elements of S(F). We conclude that &,(S|)=b,(S|,) >
min, AL, L)/ (n+1). §

ForneN and /;, ., [,,,€ Y* we define
W, eilly o Ly y) =5uP{det[lj()’i_}’0) 77;1 | Yoy wons yn+lES(F)}'

We collect some properties of these numbers.

LemMMA 5. (1) W, ., 1) >0 for some set of I, iff S(F)
contains Yy, ..., Yn 4, that generate a (n+ 1)-dimensional affine space.

(2) W, , is independent of the order of the I,.
(3)
Woorlhyy oo L) S@2n+2)- AL, 1, L) Wil o 1)
<2n+2)-W, (s Lty 4.1)
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Proof. The proof of (1) and (2) is trivial. To prove (4.1) assume that
the pair /*e L, and a* e R yield a best approximation of /, ., in L, ,
1e.,

Ay v, Ly )= sup |, ,(y)—{Xy)—a*|.

yeS(F)

The existence of an optimal pair (/* a*) is not really needed in the
following because we also could work with a pair (/*, a*) which is
“almost” optimal.

We prove the left inequality of (4.1). First we can replace /,,, in
[det[/;(y, —yo)]ﬁL‘ .} by I, — I* without changing the determinant. Now
we add and subtract a* to the elements of the last column. We obtain,
expanding by the last column of the matrix, the desired result. The factor
two comes in because of the y, — y, leading to two sums.

To prove the right inequality we first remark that W, (/,, .., /,) does not
change if a /, is replaced by /, +/ with lelin{/, .., I, _,}. Hence we find
for a given ¢ with 0 <& < 1 elements y,, ..., ¥, such that

Idet[7,(yi—yo) }7 ;=i 1 > Wolhys s 1) - (1 =€)

and we may assume that /;(y,— y,) =0 for i <. In particular, we replace
L., by L,,,=1.,—1 with leL, , such that [ _.,(y;—»,)=0 for
i=1, .., n. So we obtain the desired estimate by

Wn+l(11s ey ln+))

= Vl/n(ll’ s 1}1)'(1_6) inf sup |(1n+l—1)(yn+l—y0)l

leLpy1 yns1€SUF)
because of

inf sup |(1n+l_1)(yn+l_yO)|>A(1n+17Ln+l)’ I

leLyy1 yns1€S(F)

The analog to Lemma 3 is the following.

LemMMA 6. Given neN and O0<e<, there are I,..,1,, € Y* with
Wl =1 for all k such that

1
1 A, L)z——4d"
k=].1'1"lin"+] (e 2 2n+2 glob

(11 —e)% (42)

Proof. We assume that there are /,,.../,,,€Y* such that
W, (I, ... 1, .1)>0 since otherwise the statement of the lemma is trivial.
We put

Wori=sup{W, U, Ly ) =1 k=1, ., n+1}

640,82;/1-10
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and choose {, ..., [, ;€ Y* with ||/ || =1 for all k such that
m+](lls ey ln+l)>(1 _8)' an+1'

To prove (4.2) it is enough to show A(/, |, L, ) =(2n+2)""' doo(S | F)
(1 — €)% We assume the contrary, i.e.,

A,y Ly ) <2n+2) 7 dig (S 11 —¢) (4.3)
We define
U,={feX|L(S()=0,i=1,..,n}

Then U,< X is a closed subspace with codimension at most » and there-
fore, by definition of the Gelfand numbers,

d’31oo(S | £) <3 sup diam(S(F (U, + /).

feXx
The right side of the last display can also be written as

} sup diam{S(g) | geF, I;(S(g)) =y, i=1, .., n}.

yeR"

Hence we find a e R” and g,, g, € F such that /,(S(g,))=1,(S(g,)) for all
i and
(1—¢) - dpu(S 1) <5 1S(g1) —Slg2)].

By Hahn-Banach there is a /* e Y* with |[/*|| =1 such that [/*(S(g,))—
I*(S(g,))| = 11S(g,) — S(g2)ll. Because of /;(S(g,)) =1(S(g,)) fori=1,... n
we obtain

AU*, L, 1) 25 [1*(S(g,) — 1*(S(g2))]-
Putting these formulas together we obtain
A*, Ly ) 2dgon(S ) - (1 —é).
Using the assumption (4.3) and (4.1) we conclude that
W, (o L %) 24005 L, )- W, .. 1,)

Zdgo(S 1) Wolly, oy L)(1 —¢)
>2n+2)1—&) ' A,y L) WL, 0 L)
>(1—e)~' WU, ., L, )2 W,

that contradicts W, ,({,, ... I,, I*)< W, |, ie., the formula (4.3) must be
wrong. |
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THEOREM 2.
di(S1A<2n+1)? b,(S|p)

This result follows easily from Lemma 4 and Lemma 6. By Proposition 1
and Theorem 2 we immediately obtain a bound on how much adaptive
methods can be better than nonadaptive ones.

THEOREM 3.
e (S| <d(n+ 1) ey (S |p).

noen

Remarks. (a) We conjecture that the bounds are not optimal and that
el (S| =0(n-e(S|r)) is true in general. Related conjectures (about
Bernstein diameters and Kolmogorov diameters in the symmetric case) are
due to Mityagin and Henkin [3] and also can be found in [1], [6] and

{7]. These conjectures are still unproved.

(b) Examples where adaptive methods are much better than non-
adaptive ones are described in Novak [4]. Similar examples (with function
values instead of arbitrary functionals) can also be found in Korneichuk
[2] and Sonnevend [8].

5. OPEN PROBLEMS

We mention three open problems connected with the results of this
paper:
1. Improve the bounds of Theorem 1, Theorem 2, and Theorem 3.

2. Study the adaption problem in the case where only a restricted set
of linear functionals L,e X'* (such as function evaluations) is allowed.

3. Study the adaption problem for special operators S: F — Y, where,
for example, S is the solution operator of an integral equation of the first
or second kind.
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